Observational Constraints on Dark Radiation in Brane Cosmology 
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We analyze the observational constraints on brane-world cosmology whereby the universe is de- 
scribed as a three-brane embedded in a five-dimensional anti-de Sitter space. In this brane-universe 
cosmology, the Friedmann equation is modified by the appearance of extra terms which derive from 
existence of the extra dimensions. In the present work we concentrate on the "dark radiation" 
term which diminishes with cosmic scale factor as a~ 4 . We show that, although the observational 
constraints from primordial abundances allow only a small contribution when this term is positive, 
a much wider range of negative values is allowed. Furthermore, such a negative contribution can 
reconcile the tension between the observed primordial 4 He and D abundances. We also discuss 
the possible constraints on this term from the power spectrum of CMB anisotropics in the limit 
of negligible cosmological perturbation on the brane world. We show that BBN limits the possible 
contribution from dark radiation just before the e + e~ annihilation epoch to lie between —123% and 
+ 11% of the background photon energy density. Combining this with the CMB constraint reduces 
this range to between —41% and +10.5% at the 2er confidence level. 

PACS numbers: 



I. INTRODUCTION 

Brane-world cosmology is of considerable current in- 
terest. In such scenarios, our universe is a submanifold 
embedded in a higher-dimensional spacetime. Physical 
matter fields are confined to this submanifold, while grav- 
ity can reside in the higher-dimensional spacetime. This 
paradigm was first proposed |l], || as a means to reconcile 
the mismatch between of the scales of particle physics 
and gravity. It lowers the scale of gravity to the weak 
scale by introducing large extra dimensions. Although 
this eliminates the hierarchy between the weak scale and 
the Planck scale M p \, it generates a new hierarchy be- 
tween the weak scale and the size of the extra dimensions. 
Randall and Sundrum || have shown that a possible solu- 
tion to this new hierarchy problem can be achieved by in- 
troducing noncompact extra dimensions. This compact- 
ification is an alternative to the standard Kaluza-Klein 
(KK) scheme. In their model, our universe is described 
as a three-brane embedded in a five-dimensional anti-de 
Sitter space AdSs (the bulk). This guarantees the usual 
4-dimensional Newtonian limit in our brane world. 

The cosmological evolution of such brane universes has 
been extensively investigated. Exact solutions have been 
found by several authors j|, ||, ||, 0, ||, || . These solutions 
reduce to a generalized Friedmann equation on our brane 
which can be written as 



In equation ([!]), several identifications of cosmological 
parameters were required in order to recover standard 
big-bang cosmology. For one, the first term on the right 
hand side is obtained by relating the four-dimensional 
gravitational constant Gn to the five-dimensional gravi- 
tational constant, k$. Specifically, 

G N = k| A/48tt , (2) 

where A is the intrinsic tension of the brane and k 2 = 
Afg -3 , where M5 is the five dimensional Planck mass. Sec- 
ondly, the four-dimensional cosmological constant A4 is 
related to its five-dimensional counterpart A5, 



A 4 = AcfA712 + 3A 5 /4 



(3) 
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Here, a(t) is the scale factor at cosmic time t, and p is 
the total energy density of matter on our brane. 



A5 should be negative in order for A4 to obtain its 
presently observed small value. 

Standard big-bang cosmology does not contain the 
fourth and fifth terms of Eq. ([[]) . The fourth term arises 
from the imposition of a junction condition for the scale 
factor on the surface of the brane. Physically, it derives 
from a singular behavior in the energy-momentum tensor 
which originates in the fact that physical matter fields 
are confined to the brane. This p 2 term would decay 
rapidly as a -8 in the early radiation dominated universe. 
Hence, it is not likely to be significant during the later 
nucleosynthesis and photon decoupling epochs of interest 
here. 

The fifth term, however, is of considerable interest for 
the present discussion. It scales just like radiation with 
a constant p. Hence, it is called the dark radiation. 
This term derives from the electricJCoulomb) part of 
the five-dimensional Weyl tensor p0| . The coefficient 
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/i is a constant of integration obtained by integrating 
the five-dimensional Einstein equations [|[ ||, ||, 0, ||, [| . 
Both positive and negative [i are possible mathemati- 
cally. Its magnitude and sign can depend on the choice of 
initial conditions when solving the five-dimensional Ein- 
stein equation. Hence, even the sign of /i remains an 
open question JTT| . 

Dark radiation should strongly affect both big-bang 
nucleosynthesis (BBN) and the cosmic microwave back- 
ground (CMB). Hence, such observations can be used to 
constrain both the magnitude and sign of the dark radia- 
tion. A brief analysis of this was made in literature |^] . In 
the present work, we seek to explore these constraints in 
more detail utilizing the most recent light-element abun- 
dance constraints and the latest combined CMB power 
spectrum data sets. 

II. BBN CONSTRAINT 

The observed primordial light-element abundances 
constrain the conditions during the BBN epoch from the 
time of weak reaction freezeout (t ~ 1 sec, T ~ 1 MeV) 
to the freezeout of nuclear reactions (t ~ 10 4 sec, T ~ 10 
keV). The present status the observational constraints 
have been reviewed in a number of papers (cf. ]I^|-[p2[). 
The primordial helium abundance is obtained by measur- 
ing extragalactic HII regions in low-metallicity irregular 
galaxies. The primordial heluim abundance Y p so de- 
duced tends to reside in one of two possible values (a low 
value Y p w 0.230, @ and a high value Y p w 0.245 @). 
In view of this controversy, we adopt a conservative range 
for the primordial 4 He abundance: 

0.226 < Y p < 0247. (4) 

Primordial deuterium is best determined from its ab- 
sorption line in high redshift Lyman a clouds along the 
line of sight to background quasars. For deuterium there 
is a similar possibility for either a high or low value. For 
the present discussion, however, we shall adopt the gen- 
erally accepted low value for D/H |20[ pl| . 

2.9 x 10~ 5 < D/H < 4.0 x 10~ 5 (5) 

The primordial lithium abundance is generally inferred 
from old low-metallicity halo stars. Such stars exhibit an 
approximately constant ( "Spite plateau" ) lithium abun- 
dance as a function of surface temperature which is taken 
to be the primordial abundance. There is, however, some 
controversy |^2) concerning the depletion of 7 Li on the 
surface of such halo stars. If destruction has occurred, the 
true primordial 7 Li abundance is higher than the plateau 
value. For the present purposes, therefore, we adopt a 
conservative 7 Li abundance constraint: 

1.67 x 10~ 10 < 7 Li/H < 4.75 x 10~ 10 . (6) 

The constraints on positive extra energy density dur- 
ing the BBN epoch based upon primordial light-element 



abundances have been recently studied by many authors 
in context of numbers of neutrino families, lepton asym- 
metry, or dark energy (cf. |l5|, [l(|). The main ef- 
fect of such additional background energy density is to 
increase the universal expansion rate. This causes the 
neutron to proton ratio to be larger because the weak 
reactions freeze out at a higher temperature and because 
there is less time for neutrons to decay between the time 
of weak-reaction freezeout and the onset of BBN. Conse- 
quently, adding excess energy density during BBN yields 
a larger 4 He abundance since most of the free neutrons 
are converted into 4 He nuclei. D/H also increases largely 
because the reactions destroying deuterium fall out of 
nuclear statistical equilibrium while the deuterium abun- 
dance is higher Jl^j . Similarly, there is less time for the 
destructive reaction 7 Li(p, a) 4 He. This causes 7 Li to be 
more abundant for rj < 3 x 10~ 10 . However, there is also 
less time for the 4 He( 3 He, 7) 7 Be reaction to occur. This 
causes 7 Li to be less abundant for rj > 3 x 10~ 10 . On the 
other hand, when the extra energy component is negative 
(i.e. negative dark radiation), the opposite results occur. 

Figure |l| illustrates the dependence of the nucleosyn- 
thesis yields with the dark radiation content. In the fol- 
lowing, we will quote the dark radiation content as a 
fraction of the background photon energy density just 
before and the onset of the e + e" annihilation and BBN 
epochs. We have included the current 2a uncertainties 
p9[ arising from the input nuclear reaction rates in our 
present analysis of the BBN model predictions. 

For dark radiation in the range of to +11% of 
the background photon energy density, the cosmologi- 
cal bounds on the baryon-to-photon ratio r/ come from 
the 4 He upper bound and the D/H upper bound. With 
negative dark radiation the allowed range for r\ expands 
because the 4 He mass fraction and D/H have opposite 
dependences on r\. The addition of more than 2% neg- 
ative dark radiation reduces the expansion rate and the 
helium abundance sufficiently so that the adopted 4 He 
constraint is satisfied for all values of rj which satisfy the 
D/H constraint. For negative dark radiation in the range 
of 2% — 112% of the background photon energy density, 
the constraint on rj comes only from D /H upper and lower 
limits. Between 112 and 123% negative dark radiation, 
the constraint on rj comes from the lower bounds on 4 He 
and D/H. 

Similarly, the conservative 7 Li abundance constraint 
adopted here does not significantly constrain the dark ra- 
diation component. The shaded region on Figure^ shows 
allowed values of the dark radiation fraction, pdr/p-ii 
where p 7 is the total energy density in background pho- 
tons just before the BBN epoch at T = lMeV. Note, that 
only a small (< 11%) positive dark radiation contribu- 
tion is allowed while substantial negative dark radiation 
(up to 123%) is allowed and even preferred by the BBN 
constraints. 
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FIG. 1: Light-element abundances as a function of baryon to 
photon ratio r\. Shaded Areas or dashed lines denote ±2er un- 
certainties in the BBN model predictions. Plotted are models 
with 0% (blue), +10.5% (red) and -41% (green) dark radiation 
(relative to the background photon energy density just before 
the e + e~ annihilation epoch). 4 He, D and 7 Li are shown in 
the top, center and bottom panels, respectively. The 4 He 
abundance predictions are well separated for the three dark 
radiation models, while the models are barely distinguishable 
for D and 7 Li. Observational constraints are indicated as hor- 
izontal lines as labeled. 



III. CMB CONSTRAINT 

Next we examine the possible imprint of a dark radi- 
ation on the CMB angular power spectrum. It is well 
known that the CMB spectrum is sensitive to many cos- 
mological parameters which have almost no effect on 
BBN. For simplicity, therefore, we have fixed most cos- 
mological parameters to their optimum values and ex- 
plore the effects of varying the dark radiation content 
and baryon to photon ratio r\. In spite of the name dark 
"radiation" it has no interaction (e.g. Compton scatter- 
ing) with other matter fluids. Moreover, we make the 
further simplifying assumption that it has no intrinsic 
fluctuation. Cosmological perturbation theory in a five 
dimensional universe is now extensively under consider- 
ation [E3|- 1 26 . Ultimately, one must take the five di- 
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FIG. 2: Constrains from the primordial abundances (lines) 
and the CMB (contours) on r\ and the fraction of the back- 
ground photon energy density in dark radiation Pdr/p-v just 
before the e + e~ annihilation. Lines are labeled by the light- 
element constraints corresponding to the central values in 
Fig. 1. The shaded region denotes the parameters allowed 
by BBN. The contours show the 1, 2, and 3u limits from fits 
to the CMB power spectrum. 



mensional (geometrical) perturbative effects into account 
when calculating the CMB angular power spectrum. In 
this present paper, however, we only address the domi- 
nant effect on the background expansion rate. 

We have calculated CMB power spectra using the 
CMBFAST code of pi. The x 2 goodness of fit 
to the combined BOOMERANG §0), DASI @, and 
MAXIMA- 1 |}2| data sets was evaluated using the widely 
employed offset log-normal procedure of J33|. The avail- 
able experimental offsets and window functions were uti- 
lized. As a benchmark zero dark-radiation model, we 
have made a search for a global optimal fit to the com- 
bined CMB data set for a flat fijvf + £1a = 1 cosmology 
(with ionization parameter r = 0). We find a best fit 
for Q M = 0.233, Q A = 0.767, h = 0.726, n b h 2 = 0.0214 
(7710 = 5.75), n — 0.9334. We have also marginalized 
over the experimental calibration uncertainties and the 
COBE normalization using Gaussian priors based upon 
published experimental uncertainties. This fit gives a \ 2 
of 30.03 for 31 degrees of freedom. For the present pur- 
poses, we restrict our consideration to this parameter set 
as an optimum 4-dimensional standard cosmology. We 
then study variations in the goodness of fit as a function 
of the dark radiation fraction at the photon decoupling 
epoch and VL^h 2 = 7710/268. In addition, the normaliza- 
tion was optimized for each choice of these two parame- 
ters. 

The most distinguishable effects of the dark radiation 
is their influence on the location and amplitude of the 
acoustic peaks in the CMB power spectrum 1 28 . Adding 
positive dark radiation moves the epoch of matter radi- 
ation equality to a later epoch. It prevents the growth 
of perturbations inside the horizon and leads to a decay 



in the gravitational potential. This increases the ampli- 
tude of the CMB acoustic oscillations by the integrated 
Sachs- Wolfe effect. The net result of adding positive dark 
radiation is therefore an enhanced CMB anisotropy. The 
opposite is true if negative dark radiation is added. 

As a second feature, a more rapid expansion rate due 
to positive dark radiation causes the epoch of photon 
decoupling to occur earlier so that the horizon size is 
smaller at the surface of photon last scattering. Therefore 
the Z-values for the acoustic peaks are slightly larger or 
smaller depending upon whether the dark radiation term 
is positive or negative. 

Figure || illustrates effects of both positive and neg- 
ative dark radiation on the CMB angular power spec- 
trum. This shows the bench-mark zero dark-radiation 
model together with ±3(7 components of dark radiation. 
These limits correspond to a ratio of dark radiation to 
photon energy density of +24% and —35% at the photon 
decoupling epoch. Correcting for photon heating at the 
pair annihilation epoch, these limits expand by a fac- 
tor of (11/3) 4 / 3 = 3.85 for the dark-radiation fraction 
just before the BBN epoch. Hence, these limits would 
be +92% and -135% of the photon energy density just 
before nucleosynthesis. 

The final effect on the power-spectrum depends upon 
the normalization, and is somewhat counter intuitive. 
From Figure || we see, for example, that a fit with a dark 
radiation fraction of -35% of the photon energy density 
at the CMB epoch increases (rather than decreases) the 
amplitude of the first acoustic peak by «10% and shifts 
the location of the first and third peaks to smaller I val- 
ues. The increase in the acoustic peak amplitudes is a 
result of having shifted the normalization to optimize the 
goodness of fit. Note, that the effects of positive or neg- 
ative dark radiation are not the same as simply adding 
or subtracting photons. This is because dark radiation 
does not behave like relic photons or neutrinos. Dark 
radiation does not interact either gravitationally or via 
Compton scattering with the other matter fields. Also, 
in the present analysis, it does not fluctuate. Hence, the 
effects of dark radiation on the power spectrum are in 
principle distinguishable from the effects of normal elec- 
tromagnetic radiation. 

Figure || shows the contours of the dark radiation 
fraction and fl^h 2 allowed by nucleosynthesis and the 
CMB. This shows that the combined nucleosynthesis 
and CMB constraints severely limit the possible sign 
and amplitude of the dark radiation. The combined 2tr 
95% confidence limit from the concordance of both con- 
straints corresponds to —41% < pdr/ 'p-y < +10.5% for 
4.73 < mo < 5.56 (or 0.0176 < Q b h 2 < 0.0207). 



IV. DISCUSSION 

We have considered the cosmological constraints on the 
magnitude and sign of the dark radiation term of the 
brane- world generalized Friedmann equation (pi). If the 
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FIG. 3: An optimum fit to the CMB angular power spec- 
trum compared with fits obtained by adding a 3<r negative or 
positive dark radiation component. 



sign of the dark radiation is positive then it behaves like 
additional rclativistic particles and enhances the expan- 
sion rate. This kind of effect has been recently well stud- 
ied jl5| in the context, for example, of additional neutrino 
flavors or degeneracy and is tightly constrained. We have 
reexamined this effect for both positive and negative dark 
energy. We include the nuclear reaction uncertainties in 
the BBN model predictions. For positive dark radiation 
the observational upper bound for primordial 4 He and 
D/H allows at most pdb,/ Pb < 0.03 (pdr/ P-y < 0.16) at 
the BBN epoch. This limit is consistent with the esti- 
mate (on thermally generated dark radiation due to bulk 
graviton production described in |6| . 

Such extra energy also affects the power spectrum of 
CMB fluctuations, but it is too small to be constrained 
by current CMB measurements. We therefore conclude 
that BBN places the most stringent constraint on positive 
dark radiation. 

On the other hand, a wider range of dark radiation 
density relative to the background photon energy density 
is allowed in the case of negative dark radiation. We 
deduce an absolute BBN upper limit of 123% negative 
dark radiation. This maximal value is allowed for r\ w 
5.09 x lO" 10 (or Q b h 2 « 0.019). This n value, however, 
is lex less than the values consistent with the combined 
BOOMERANG, DASI, and MAXIMA-1 data sets. For 
the combined CMB and BBN analysis, we deduce that 
only a maximum of 41% contribution of negative dark 
radiation is allowed at the 95% confidence level. 

We should, however, point out several caveats to the 
present work. One is that if one wishes to avoid a naked 
singularity in the bulk dimension, then there is a relation 
p+| between the curvature K and the dark radiation p 
when the sign of p is negative, 



> 



KH 



2/2 



for p < 



(7) 



where I is the five dimensional curvature length scale 
which relates to the five dimensional cosmological con- 
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stant A5 = — 4/Z 2 . If one accepts this cosmic censure- 
ship hypothesis, then only minuscule quantities of nega- 
tive dark radiation are allowed if one wishes to maintain 
the five dimensional Planck mass above the TeV scale. 
Hence, the present limits on negative dark radiation only 
apply if one wishes to accept either a much lower value 
for M5 or a naked singularity in the bulk dimension. 

We note that there is an independent constraint j3J] 
on the five-dimensional Planck mass from the quadratic 
term in equation ([[]). If one applies the same BBN con- 
straint that not more than 3% of the background energy 
density can be in this term at the time of weak-reaction 
freezeout, then the condition 

(*fp 2 /36) 

(8nG N /3) ~ ° mp ' (8) 

implies a limit of M 5 > 10 TeV. 

As another caveat we note that ultimately this analysis 
should be repeated with the inclusion of cosmological per- 
turbations in the dark radiation. The evolution of cosmo- 
logical perturbations in a brane universe is now being in- 
vestigated by many authors p^]-p^|. The main difficulty 
with this subject comes from the fact that even four di- 
mensional perturbation equations on our brane have fifth 
dimensional curvature corrections. Ultimately, one must 
solve the cosmological perturbations in the bulk. Lan- 
glois Q has proposed that these perturbations from the 
bulk appear like source terms in the four dimensional per- 
turbation equations. They are similar to "active seeds" in 
the context of topological defects. Therefore, it seems un- 
likely that these source terms could provide a dominant 
contribution to the CMB anisotropies. In this discussion, 
therefore, we have ignored these perturbations and con- 
centrated on the zeroth order effect of "dark radiation" 
which appears in equation (1). 

Finally we note that although the the acoustic peaks 



are very useful indicators of the dark radiation, they 
are also sensitive to other cosmological parameters, es- 
pecially f2 m and Hence, one should ultimately do a 
combined likelihood analysis including other constraints 
on cosmological parameters to test for the significance of 
the dark radiation component in the CMB. 



V. CONCLUSION 

We conclude that the constraints on BBN alone allow 
for —1.23 < pdr/p-j < 0.11 in a dark radiation compo- 
nent. In order to compute the theoretical prediction of 
CMB anisotropies exactly, one must eventually solve the 
perturbations including the contribution from the bulk. 
However, we have shown that the CMB power spectrum 
can be used to constrain the dominant expansion-rate ef- 
fect of the dark-radiation term in the generalized Fried- 
mann equation. If the constraint from effects of dark 
radiation on the expansion rate are included, the allowed 
concordance range range of dark radiation content re- 
duces to —0.41 < pun/ P-y < 0.105 at the 95% confidence 
level. 
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